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Abstract
In this paper, a supersymmetric extension of the polytropic gas dynamics equations is
constructed through the use of a superspace involving two independent fermionic variables
and two bosonic superfields. A superalgebra of symmetries of the proposed extended model
is determined and a systematic classification of the one-dimensional subalgebras of this su-
peralgebra is performed. Through the use of the symmetry reduction method, a number
of invariant solutions of the supersymmetric polytropic gas dynamics equations are found.
Several types of solutions are obtained, including algebraic-type solutions and propagation
waves (simple and double waves). Many of the obtained solutions involve arbitrary functions
of one or two bosonic or fermionic variables. In the case where the arbitrary functions in-
volve only the independent fermionic variables, the solutions are expressed in terms of Taylor
expansions.
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1
I Introduction
Symmetries of fluid dynamics have recently attracted a considerable amount of interest
among physicists and mathematicians. Dispersionless hydrodynamic systems can be stud-
ied from a variety of points of view, of which the best understood are (1+1)-dimensional
systems. Such systems include, among others, polytropic gases, the Chaplygin gas, the
Born-Infeld equations and hydrodynamic systems written in terms of Riemann invariants.
Such systems also include strings and Nambu-Goto membranes (see e.g. R. Jackiw1 and
references therein).
The purpose of this paper is to construct a supersymmetric version of the polytropic
gas dynamics equations in (1 + 1) dimensions
ρt + ρxw + ρwx = 0
wt + wwx + Aρ
γρx = 0,
(1)
where w is the velocity of the fluid, ρ is its density and γ is the polytropic exponent.
These equations are linked with the ones given in Das and Popowicz2 (p. 3, equation (1))
∂v
∂t
= (vu)x,
∂u
∂t
=
(
u2
2
+
vγ−1
(γ − 1)
)
x
(2)
(given in the form of conservation laws) through the transformation w = −u, ρ = v.
For the case where the polytropic exponent is γ = −1, we get the Chaplygin gas. Su-
persymmetric versions of the Chaplygin gas in (1 + 1) and (2 + 1) dimensions were for-
mulated through the parametrization of the action for a superstring and supermembrane
respectively.1,3, 4 The case γ = 2 refers to the dispersionless limit of two bosonic equa-
tions.5 When γ = 3, the equations represent the dispersionless limit of two non-interacting
Korteweg-de Vries equations (known as Riemann invariants equations).1,6, 7 Finally, the
γ = 4 case is the dispersionless limit of a Boussinesq equation.8, 9
In the context of hydrodynamic-type equations, other models have been supersym-
metrized and analyzed from the group-theoretical point of view. Examples of such models
include the Korteweg-de Vries equation,10, 11 the Kadomtsev-Petviashvili equation,12 the
scalar Born-Infeld model,13 a Gaussian fluid flow14 and a hydrodynamic system expressed
in terms of Riemann invariants.6, 7, 15 The results are of interest since we can construct
certain classes of solutions with the freedom of arbitrary functions of one or two arguments
involving bosonic and fermionic variables.
In the case of several integrable systems, the Lax pairs and multisolitonic solutions
have been found for their supersymmetric extensions (see e.g.16–20). It is natural in this
context to consider other types of wave superpositions. It has been established that
classical hydrodynamic-type systems admit simple and multiple Riemann wave (scattering
and non-scattering) solutions.5, 21 The question arises as to whether or not the same holds
true for a supersymmetric extension of such a model. We will answer this question in the
case of the polytropic gas dynamics equations (1) by performing a symmetry analysis.
The supersymmetric extension that we construct in this paper differs from that of
Das and Popowicz2 in the sense that our superspace includes two independent fermionic
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variables instead of one. Also, the superfields which we propose are bosonic-valued instead
of fermionic-valued. This is a different form of supersymmetric extension for the equations
(1) which, to our knowledge, has not previously been considered. We perform a systematic
group-theoretical analysis of our constructed supersymmetric model.
This paper is organized as follows. In section 2, we construct a supersymmetric ex-
tension of the polytropic gas dynamics equations (1) through a superspace and superfield
formalism involving two independent fermionic variables. In section 3, we present in detail
a number of symmetries of our supersymmetric system. For this purpose, we use a general-
ization of the method of prolongation of vector fields, extended so as to include both even
and odd Grassmannian variables. The symmetry criterion is adapted to this case, and
the superalgebra associated with the supersymmetric system is determined. We classify
the one-dimensional subalgebras of this superalgebra into conjugation classes under the
action of the associated supergroup, and this allows us to perform symmetry reductions
in a systematic way. In section 4, we proceed to find the invariants and reduced sys-
tems corresponding to those subalgebras with standard invariants structures. The other
subalgebras, possessing a nonstandard invariant structure, are discussed separately. We
propose a new method for solving the reduced equation. This leads to solutions of the
supersymmetric polytropic gas model, many of which contain the freedom of arbitrary
functions of one or two arguments which are expressed in terms of bosonic or fermionic
variables. In the case when the arbitrary functions involve only the independent fermionic
variables, we were able to express the solution in terms of a naturally truncated Taylor
expansion. Finally, section 5 contains the final remarks and future outlook.
II Supersymmetric extension
The supersymmetric extension is constructed by first considering the following superspace
and superfield formalism. We extend the space of independent variables {(x, t)}, which
presently includes only bosonic variables, to the superspace {(x, t, θ1, θ2)} which also in-
cludes the independent fermionic variables θ1 and θ2. The variables x and t represent
the bosonic (even Grassmannian) coordinates on 2-dimensional Minkowski space, while
the quantities θ1 and θ2 are anticommuting fermionic (odd Grassmannian) variables. We
replace the real bosonic-valued fields of velocity w(x, t) and density ρ(x, t) by the bosonic
superfields defined as
W (x, t, θ1, θ2) = w(x, t) + θ1φ1(x, t) + θ2φ2(x, t) + θ1θ2F (x, t),
P (x, t, θ1, θ2) = ρ(x, t) + θ1ψ1(x, t) + θ2ψ2(x, t) + θ1θ2G(x, t)
(3)
respectively, where φ1, φ2, ψ1 and ψ2 are fermionic fields and F and G are bosonic fields.
The supersymmetric extension of the polytropic gas equations (1) is constructed in such
a way that it is invariant under the supersymmetry transformations
x→ x− η
1
θ1, θ1 → θ1 + η1 and t→ t− η2θ2, θ2 → θ2 + η2, (4)
where η1 and η2 are fermionic constants. In what follows, we use the convention that un-
derlined constants represent fermionic parameters. These transformations are generated
by the infinitesimal supersymmetry generators
Q1 = ∂θ1 − θ1∂x and Q2 = ∂θ2 − θ2∂t, (5)
3
which satisfy the anticommutation relations
{Q1, Q1} = −2∂x, {Q2, Q2} = −2∂t. (6)
Here, we use the concept of supercommutation in the sense that we take the commutator
of either two bosonic quantities or of a bosonic quantity and a fermionic quantity, but
the anticommutator of two fermionic quantities. In order to make our superfield theory
manifestly invariant under the action of the supersymmetry generators Q1 and Q2, we
write the supersymmetric system in terms of the covariant derivative operators
D1 = ∂θ1 + θ1∂x and D2 = ∂θ2 + θ2∂t, (7)
which possess the property that they anticommute with the supersymmetry generators
Q1 and Q2
{D1, D1} =2∂x, {D2, D2} = 2∂t,
{D1, D2} = {D1, Q1} ={D1, Q2} = {D2, Q1} = {D2, Q2} = 0.
(8)
We supersymmetrize the polytropic gas dynamics equations (1) directly at the equation
of motion level instead of from its Lagrangian form. In order to build the supersymmetric
extension, we evaluate the covariant derivatives of the superfields W and P of various
orders. The most general supersymmetric extension of the polytropic gas equation (1) is
constructed by considering linear combinations of the products of the various covariant
derivatives of the superfields W and P . These multiply together to produce the given
terms as coefficients whose component reproduces each term of the classical equations
(1). The result of this analysis gives the following form of the supersymmetric polytropic
gas dynamics equations
Pt + a(D1D2P )xW + b(D2P )x(D1W ) + c(D1P )x(D2W )
+ (c− b− a− 1)Px(D1D2W ) + dP (D1D2W )x + e(D1P )(D2W )x
+ f(D2P )(D1W )x + (e− f − d− 1)(D1D2P )Wx = 0
(9)
and
Wt + gW (D1D2W )x + h(D1W )(D2W )x + i(D2W )(D1W )x
+ (h− i− g − 1)(D1D2W )Wx + j(D1D2P )
γPx + k(D1D2P )
γ−1(D2P )(D1P )x
+ l(D1D2P )
γ−1(D1P )(D2P )x +m(D1D2P )
γ−1P (D1D2P )x
+
(
(−1)γ+1A+ j + k +m− l
)
(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x = 0
(10)
where a, b, ... , m are thirteen arbitrary bosonic parameters. In this paper, we focus on
the simplest case where all of the parameters vanish:
∆1 ≡Pt − Px(D1D2W )− (D1D2P )Wx = 0
∆2 ≡Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x = 0
(11)
We will subsequently refer to system (11) as the supersymmetric polytropic gas dynamics
equations.
A real Grassmann algebra G is generated by a finite or infinite number of generators
(ξ1, ξ2, . . .). It is a graded vector space G = G0 + G1, where each variable Y in G that
4
we use is either even or odd. In general, for a Grassmann variable Y , we can define a
“parity” Y˜ which is 0 if Y is even and 1 if Y is odd. In order to derive equation (11), we
have used the following Leibniz rule:
∂θi(fg) = (∂θif)g + (−1)
f˜ (∂θig). (12)
The partial derivatives with respect to odd coordinate satisfy the usual operational rules,
namely ∂θiθj = δ
i
j . The operators ∂θi , Q1, Q2, D1 and D2 change the “parity” of the
function acted on in the sense that it converts a bosonic function to a fermionic function
and vice-versa. For example, ∂θiW is an odd superfield while ∂θ1∂θ2W is an even superfield,
and so on. For further details, see the book by Cornwell22 and the reference by DeWitt.23
III Symmetries of the supersymmetric polytropic gas dynamics
equation
In order to determine the Lie superalgebra of infinitesimal symmetries of the supersym-
metric equations (11), we make use of the apparatus of vector field prolongations as
described in the book by P. J. Olver.24 Specifically, we make use of a generalization
of this method to Grassmann variables in analogy with the case of the supersymmetric
sine-Gordon equation.25
A symmetry supergroup G of the system (11) is a (local) supergroup of transforma-
tions acting on the cartesian product of supermanifolds X × U , where X represents the
independent variables (x, t, θ1, θ2) and U the dependent variables (superfields) (W,P ).
The action of G on the functions W (x, t, θ1, θ2) and P (x, t, θ1, θ2) maps solutions of (11)
to solutions of (11). Assuming that G is a Lie supergroup as described in26–28 one can
associate to it its Lie superalgebra of even left–invariant vector fields g, whose elements
are the infinitesimal symmetries of the system (11). In particular, a local one-parameter
subgroup of G consists of a family of transformations
gε : x˜
i = X i(x, u, ε), u˜α = Uα(x, u, ε) (13)
where x = (x1, x2, x3, x4) = (x, t, θ1, θ2) are the independent variables and u = (u
1, u2) =
(W,P ) the dependent variables. Here, ε is a real parameter, whose range may be restricted
depending on the values of x, t, θ1, θ2,W, P . Such a local subgroup is generated by a vector
field of the form
v = ξi(x, u)
∂
∂xi
+ Φ(x, u)α
∂
∂uα
, (14)
where the coefficients are given by
ξi(x, u) =
d
dε
X i|ε=0, Φ
α(x, u) =
d
dε
Uα|ε=0. (15)
The Lie superalgebra g, consisting of all vector fields of the form (14), then generates
the Lie supergroup G. The advantage of working with the Lie superalgebra g instead
of directly with the Lie supergroup G is that the equations defining the infinitesimal
symmetries are linear.
In order to determine the infinitesimal symmetries of a system of partial differential
equations, it is useful to make use of the concept of the prolongation of a (super)group
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action. The idea is that the transformation of the coordinates xi → x˜i, uα → u˜α induces
a transformation of the derivatives
∂uα
∂xi
−→
∂u˜α
∂x˜i
. (16)
In order to make use of this concept, we define the multi-index J = (j1, . . . , jp), where
ji = 0, 1, . . . and |J | = j1+ . . .+ jp. The space of coordinates on X×U is extended to the
jet bundle Jk = {(x
i, uα, uαJ)| |J | ≤ k}, which includes the coordinates and all derivatives
of the dependent variables of order less than or equal to k. In our setting the jet bundle is
a supermanifold as well, since X × U was. On the jet bundle, we define total derivatives
Di =
∂
∂xi
+
∑
α,J
uαJi
∂
∂uαJ
, (17)
where Ji = (j1, . . . , ji−1, ji + 1, ji+1, . . . , jn). More generally, for J = (j1, j2, . . . , jn), we
define the composite derivative
DJ = D1D1 · · ·D1︸ ︷︷ ︸
j1
· · · DnDn · · ·Dn︸ ︷︷ ︸
jn
. (18)
The prolongation of a Lie (super)group action to the jet bundle Jk in turn induces a
prolongation of the generating infinitesimal vector field in the Lie (super)algebra. For the
vector field v given by (14), the kth order prolongation of the vector field v is
pr(k)(v) = v +
∑
α,|J |6=0
φαJ (x, u
(k))
∂
∂uαJ
, (19)
where φαJ(x, u
(k)) are given by the formula
φαJ = DJ
(
φα − ξi
∂uα
∂xi
)
+ ξiuαJi, (20)
or, equivalently, by the recursive formula
φαJj = Djφ
α
J −
∑
i
(Djξ
i)uαJi. (21)
The symmetry criterion (Theorem 2.31 in Olver24) assumes that G is a connected Lie
group of transformations acting locally on X × U through the transformations
x˜i = X
i(x, u, g), u˜α = Uα(x, u, g),
where g ∈ G and ∆ν(x, u
(n)) is a non–degenerate system of partial differential equa-
tions (meaning that the system is locally solvable and is of maximal rank at every point
(x0, u
(n)
0 ) ∈ X × U
(n)). Then G is a symmetry group of ∆ = 0 if and only if[
pr(k)(v)
]
(∆) = 0 whenever ∆ = 0, (22)
for each infinitesimal generator v of G. Using the results of,26, 27 one finds that the same
criterion can be used also in the case of the Lie supergroup G and its Lie superalgebra of
even left–invariant vector fields.
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For the purpose of determining the Lie superalgebra of symmetries of the system (11),
let us write a vector field of the form
v =ξ(x, t, θ1, θ2,W, P )∂x + τ(x, t, θ1, θ2,W, P )∂t + ρ1(x, t, θ1, θ2,W, P )∂θ1
+ ρ2(x, t, θ1, θ2,W, P )∂θ2 + Λ(x, t, θ1, θ2,W, P )∂W + Ω(x, t, θ1, θ2,W, P )∂P ,
(23)
where ξ, τ , Λ and Ω are bosonic functions, while ρ1 and ρ2 are fermionic. In general, we
use the convention that the fermionic coefficients in a vector field expansion (in this case
ρ1 and ρ2) precede the fermionic derivatives which they are multiplied by ( in this case
∂θ1 and ∂θ2 respectively).
According to the symmetry criterion, the vector field (23) is an infinitesimal generator
of the symmetry group of the system of differential equations (11) if and only if
pr(2)(v)
[
∆k(x, t, θ1, θ2,W, P,W
(2), P (2))
]
= 0, k = 1, 2 (24)
whenever ∆l(x, t, θ1, θ2,W, P,W
(2), P (2)) = 0, l = 1, 2. We use the following expressions
for the total derivatives Dx, Dt, Dθ1 and Dθ2:
Dx =∂x +Wx∂W + Px∂P +Wxx∂Wx + Pxx∂Px +Wxt∂Wt + Pxt∂Pt +Wxθ1∂Wθ1
+ Pxθ1∂Pθ1 +Wxθ2∂Wθ2 + Pxθ2∂Pθ2 +Wxxx∂Wxx + Pxxx∂Pxx +Wxxt∂Wxt
+ Pxxt∂Pxt +Wxxθ1∂Wxθ1 + Pxxθ1∂Pxθ1 +Wxxθ2∂Wxθ2 + Pxxθ2∂Pxθ2 +Wxtt∂Wtt
+ Pxtt∂Ptt +Wxtθ1∂Wtθ1 + Pxtθ1∂Ptθ1 +Wxtθ2∂Wtθ2 + Pxtθ2∂Ptθ2 +Wxθ1θ2∂Wθ1θ2
+ Pxθ1θ2∂Pθ1θ2 ,
(25)
Dt =∂t +Wt∂W + Pt∂P +Wxt∂Wx + Pxt∂Px +Wtt∂Wt + Ptt∂Pt +Wtθ1∂Wθ1
+ Ptθ1∂Pθ1 +Wtθ2∂Wθ2 + Ptθ2∂Pθ2 +Wxxt∂Wxx + Pxxt∂Pxx +Wxtt∂Wxt
+ Pxtt∂Pxt +Wxtθ1∂Wxθ1 + Pxtθ1∂Pxθ1 +Wxtθ2∂Wxθ2 + Pxtθ2∂Pxθ2 +Wttt∂Wtt
+ Pttt∂Ptt +Wttθ1∂Wtθ1 + Pttθ1∂Ptθ1 +Wttθ2∂Wtθ2 + Pttθ2∂Ptθ2 +Wtθ1θ2∂Wθ1θ2
+ Ptθ1θ2∂Pθ1θ2 ,
(26)
Dθ1 =∂θ1 +Wθ1∂W + Pθ1∂P +Wxθ1∂Wx + Pxθ1∂Px +Wtθ1∂Wt + Ptθ1∂Pt +Wθ2θ1∂Wθ2
+ Pθ2θ1∂Pθ2 +Wxxθ1∂Wxx + Pxxθ1∂Pxx +Wxtθ1∂Wxt + Pxtθ1∂Pxt +Wxθ2θ1∂Wxθ2
+ Pxθ2θ1∂Pxθ2 +Wttθ1∂Wtt + Pttθ1∂Ptt +Wtθ2θ1∂Wtθ2 + Ptθ2θ1∂Ptθ2 ,
(27)
and
Dθ2 =∂θ2 +Wθ2∂W + Pθ2∂P +Wxθ2∂Wx + Pxθ2∂Px +Wtθ2∂Wt + Ptθ2∂Pt +Wθ1θ2∂Wθ1
+ Pθ1θ2∂Pθ1 +Wxxθ2∂Wxx + Pxxθ2∂Pxx +Wxtθ2∂Wxt + Pxtθ2∂Pxt +Wxθ1θ2∂Wxθ1
+ Pxθ1θ2∂Pxθ1 +Wttθ2∂Wtt + Pttθ2∂Ptt +Wtθ1θ2∂Wtθ1 + Ptθ1θ2∂Ptθ1 ,
(28)
We note that the chain rule for a Grassmann-valued composite function f(g(x)) is23, 29
∂f
∂x
=
∂g
∂x
·
∂f
∂g
. (29)
The interchangeability of mixed derivatives (with proper respect to the ordering of odd
variables) is of course assumed throughout. The second prolongation of the vector field
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(23) is given by
pr(2)v =ξ∂x + τ∂t + ρ1∂θ1 + ρ2∂θ2 + Λ∂W + Ω∂P + Λ
x∂Wx + Λ
t∂Wt + Λ
θ1∂Wθ1
+ Λθ2∂Wθ2 + Λ
xx∂Wxx + Λ
xt∂Wxt + Λ
xθ1∂Wxθ1 + Λ
xθ2∂Wxθ2 + Λ
tt∂Wtt
+ Λtθ1∂Wtθ1 + Λ
tθ2∂Wtθ2 + Λ
θ1θ2∂Wθ1θ2 + Ω
x∂Px + Ω
t∂Pt + Ω
θ1∂Pθ1
+ Ωθ2∂Pθ2 + Ω
xx∂Pxx + Ω
xt∂Pxt + Ω
xθ1∂Pxθ1 + Ω
xθ2∂Pxθ2 + Ω
tt∂Ptt
+ Ωtθ1∂Ptθ1 + Ω
tθ2∂Ptθ2 + Ω
θ1θ2∂Pθ1θ2 .
(30)
Here, we use upper indices in coefficients Λx, Ωxθ1 etc. in order to distinguish them
from partial derivatives, e.g. Ωxθ1 = ∂θ1∂xΩ. Applying the second prolongation (30) to
the equation (11), we obtain the following conditions for the coefficients of the second
prolongation (30)
ρ1∂θ1 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ ρ2∂θ2 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Ωx∂Px [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Ωt∂Pt [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Λxt∂Wxt [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Λtθ1∂Wtθ1 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Λxθ2∂Wxθ2 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Λθ1θ2∂Wθ1θ2 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Ωxt∂Pxt [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Ωtθ1∂Ptθ1 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Ωxθ2∂Pxθ2 [Pt − Px(D1D2W )− (D1D2P )Wx]
+ Ωθ1θ2∂Pθ1θ2 [Pt − Px(D1D2W )− (D1D2P )Wx] = 0,
(31)
and
ρ1∂θ1
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ ρ2∂θ2
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Ωx∂Px
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Ωt∂Pt
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Λxt∂Wxt
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Λtθ1∂Wtθ1
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Λxθ2∂Wxθ2
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Λθ1θ2∂Wθ1θ2
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Ωxt∂Pxt
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Ωtθ1∂Ptθ1
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Ωxθ2∂Pxθ2
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
+ Ωθ1θ2∂Pθ1θ2
[
Wt − (D1D2W )Wx + (−1)
γ+1A(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x
]
= 0.
(32)
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Note that proper respect to the ordering of fermionic terms is essential, e.g. Λtθ1 is
odd. We see that we only need to calculate the coefficients Ωx, Ωt, Λxt, Λtθ1 , Λxθ2, Λθ1θ2,
Ωxt, Ωtθ1 , Ωxθ2 , Ωθ1θ2 in equation (30). They are found from the superspace version of the
formulae for the 1st and 2nd prolongation (20)
ΛA = DAΛ−
∑
B
DAζ
BΦB, Λ
AB = DBΛ
A −
∑
C
DBζ
CΦAC , (33)
where
A,B,C ∈ {x, t, θ1, θ2}, ζ
A = (ξ, τ, ρ, σ). (34)
The derivation of these formulae is performed in the same way as in the bosonic case,
working formally with infinitesimal transformations and keeping track of ordering prop-
erties. The signs in the expressions below vary according to the considered equation (11).
Explicitly, the coefficients of the prolongation (30) are given as follows:
Ωx =Ωx + ΩWWx + ΩPPx − ξxPx − ξWWxPx − ξP (Px)
2 − τxPt − τWWxPt
− τPPxPt − ρ1,xPθ1 − ρ1,WWxPθ1 − ρ1,PPxPθ1 − ρ2,xPθ2 − ρ2,WWxPθ2
− ρ2,PPxPθ2 ,
(35)
Ωt =Ωt + ΩWWt + ΩPPt − ξtPx − ξWWtPx − ξPPxPt − τtPt − τWWtPt
− τP (Pt)
2 − ρ1,tPθ1 − ρ1,WWtPθ1 − ρ1,PPtPθ1 − ρ2,tPθ2 − ρ2,WWtPθ2
− ρ2,PPtPθ2 ,
(36)
Λxt =Λxt + ΛxWWt + ΛxPPt + ΛtWWx + ΛWWWxWt + ΛWPWxPt + ΛWWxt
+ ΛtPPx + ΛWPPxWt + ΛPPPxPt + ΛPPxt − ξxtWx − ξxWWxWt − ξxPWxPt
− ξxWxt − ξtW (Wx)
2 − ξWW (Wx)
2Wt − ξWP (Wx)
2Pt − 2ξWWxWxt
− ξtPWxPx − ξWPWxWtPx − ξPPWxPxPt − ξPPxWxt − ξPWxPxt − ξtWxx
− ξWWtWxx − ξPPtWxx − τxtWt − τxW (Wt)
2 − τxPWtPt − τxWtt − τtWWxWt
− τWW (Wt)
2Wx − τWPWxWtPt − 2τWWtWxt − τWWxWtt − τtPWtPx
− τWP (Wt)
2Px − τPPWtPxPt − τPPxWtt − τPWtPxt − τtWxt − τPPtWxt
− ρ1,xtWθ1 − ρ1,xWWtWθ1 − ρ1,xPPtWθ1 − ρ1,tWWxWθ1 − ρ1,xWtθ1 − ρ1,tWxθ1
− ρ1,WWWxWtWθ1 − ρ1,WPWxWθ1Pt − ρ1,WWxtWθ1 − ρ1,WWtθ1Wx
− ρ1,WWxθ1Wt − ρ1,tPPxWθ1 − ρ1,WPPxWtWθ1 − ρ1,PPPxPtWθ1 − ρ1,PPxtWθ1
− ρ1,PPxWtθ1 − ρ1,PPtWxθ1 − ρ2,xtWθ2 − ρ2,xWWtWθ2 − ρ2,xPPtWθ2
− ρ2,tWWxWθ2 − ρ2,xWtθ2 − ρ2,tWxθ2 − ρ2,WWWxWtWθ2 − ρ2,WPPtWxWθ2
− ρ2,WWxtWθ2 − ρ2,WWtθ2Wx − ρ2,WWxθ2Wt − ρ2,tPPxWθ2 − ρ2,WPPxWtWθ2
− ρ2,PPPxPtWθ2 − ρ2,PPxtWθ2 − ρ2,PWtθ2Px − ρ2,PWxθ2Pt,
(37)
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Λtθ1 =Λtθ1 + ΛtWWθ1 + ΛtPPθ1 + Λθ1WWt + ΛWWWtWθ1 + ΛWPWtPθ1 + ΛWWtθ1
+ Λθ1PPt + ΛWPPtWθ1 + ΛPPPtPθ1 + ΛPPtθ1 − ξtθ1Wx − ξtWWxWθ1
− ξtPWxPθ1 − ξtWxθ1 − ξθ1WWxWt − ξWWWxWtWθ1 − ξWPWxWtPθ1
− ξWWtWxθ1 − ξWWxWtθ1 − ξθ1PWxPt − ξWPPtWxWθ1 − ξPPWxPtPθ1
− ξPPtWxθ1 − ξPWxPtθ1 − ξθ1Wxt − ξWWxtWθ1 − ξPWxtPθ1 − τtθ1Wt
− τtWWtWθ1 − τtPWtPθ1 − τtWtθ1 − τθ1W (Wt)
2 − τWW (Wt)
2Wθ1
− τWP (Wt)
2Pθ1 − 2τWWtWtθ1 − τθ1PWtPt − τWPPtWtWθ1 − τPPWtPtPθ1
− τPPtWtθ1 − τPWtPtθ1 − τθ1Wtt − τWWttWθ1 − τPWttPθ1 − ρ1,tθ1Wθ1
+ ρ1,tPPθ1Wθ1 − ρ1,θ1WWtWθ1 + ρ1,WPPθ1WtWθ1 + ρ1,WWtθ1Wθ1
− ρ1,θ1PPtWθ1 + ρ1,PPPtPθ1Wθ1 + ρ1,PPtθ1Wθ1 − ρ1,θ1Wtθ1 + ρ1,WWθ1Wtθ1
+ ρ1,PPθ1Wtθ1 − ρ2,tθ1Wθ2 + ρ2,tWWθ1Wθ2 + ρ2,tPPθ1Wθ2 − ρ2,tWθ1θ2
− ρ2,θ1WWtWθ2 + ρ2,WWWtWθ1Wθ2 + ρ2,WPPθ1WtWθ2 + ρ2,WWtθ1Wθ2
− ρ2,WWtWθ1θ2 − ρ2,θ1PPtWθ2 + ρ2,WPPtWθ1Wθ2 + ρ2,PPPtPθ1Wθ2
+ ρ2,PPtθ1Wθ2 − ρ2,PPtWθ1θ2 − ρ2,θ1Wtθ2 + ρ2,WWθ1Wtθ2 + ρ2,PPθ1Wtθ2 ,
(38)
Λxθ2 =Λxθ2 + ΛxWWθ2 + ΛxPPθ2 + Λθ2WWx + ΛWWWxWθ2 + ΛWPWxPθ2 + ΛWWxθ2
+ Λθ2PPx + ΛWPPxWθ2 + ΛPPPxPθ2 + ΛPPxθ2 − ξxθ2Wx − ξxWWxWθ2 − ξxPWxPθ2
− ξxWxθ2 − ξθ2W (Wx)
2 − ξWW (Wx)
2Wθ2 − ξWP (Wx)
2Pθ2 − 2ξWWxWxθ2
− ξθ2PWxPx − ξWPPxWxWθ2 − ξPPWxPxPθ2 − ξPPxWxθ2 − ξPWxPxθ2
− ξθ2Wxx − ξWWxxWθ2 − ξPWxxPθ2 − τxθ2Wt − τxWWtWθ2 − τxPWtPθ2
− τxWtθ2 − τθ2WWxWt − τWWWxWtWθ2 − τWPWxWtPθ2 − τWWxWtθ2
− τWWtWxθ2 − τθ2PWtPx − τWPPxWtWθ2 − τPPWtPxPθ2 − τPPxWtθ2
− τPWtPxθ2 − τθ2Wxt − τWWxtWθ2 − τPWxtPθ2 − ρ1,xθ2Wθ1 + ρ1,xWWθ2Wθ1
+ ρ1,xPPθ2Wθ1 + ρ1,xWθ1θ2 − ρ1,θ2WWxWθ1 + ρ1,WWWxWθ2Wθ1
+ ρ1,WPPθ2WxWθ1 + ρ1,WWxθ2Wθ1 + ρ1,WWxWθ1θ2 − ρ1,θ2PPxWθ1
+ ρ1,WPPxWθ2Wθ1 + ρ1,PPPxPθ2Wθ1 + ρ1,PPxθ2Wθ1 + ρ1,PPxWθ1θ2 − ρ1,θ2Wxθ1
+ ρ1,WWθ2Wxθ1 + ρ1,PPθ2Wxθ1 − ρ2,xθ2Wθ2 + ρ2,xPPθ2Wθ2 − ρ2,θ2WWxWθ2
+ ρ2,WPPθ2WxWθ2 + ρ2,WWxθ2Wθ2 − ρ2,θ2PPxWθ2 + ρ2,PPPxPθ2Wθ2
+ ρ2,PPxθ2Wθ2 − ρ2,θ2Wxθ2 + ρ2,WWθ2Wxθ2 + ρ2,PPθ2Wxθ2,
(39)
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Λθ1θ2 =Λθ1θ2 − Λθ1WWθ2 − Λθ1PPθ2 + Λθ2WWθ1 − ΛWWWθ1Wθ2 − ΛWPWθ1Pθ2
+ ΛWWθ1θ2 + Λθ2PPθ1 − ΛWPPθ1Wθ2 − ΛPPPθ1Pθ2 + ΛPPθ1θ2 − ξθ1θ2Wx
+ ξθ1WWxWθ2 + ξθ1PWxPθ2 + ξθ1Wxθ2 − ξθ2WWxWθ1 + ξWWWxWθ1Wθ2
+ ξWPWxWθ1Pθ2 + ξWWθ1Wxθ2 − ξWWxWθ1θ2 − ξθ2PWxPθ1
+ ξWPPθ1WxWθ2 + ξPPWxPθ1Pθ2 + ξPPθ1Wxθ2 − ξPWxPθ1θ2 − ξθ2Wxθ1
− ξWWθ2Wxθ1 − ξPPθ2Wxθ1 − τθ1θ2Wt + τθ1WWtWθ2 + τθ1PWtPθ2 + τθ1Wtθ2
− τθ2WWtWθ1 + τWWWtWθ1Wθ2 + τWPWtWθ1Pθ2 + τWWθ1Wtθ2
− τWWtWθ1θ2 − τθ2PWtPθ1 + τWPPθ1WtWθ2 + τPPWtPθ1Pθ2 + τPPθ1Wtθ2
− τPWtPθ1θ2 − τθ2Wtθ1 − τWWθ2Wtθ1 − τPPθ2Wtθ1 − ρ1,θ1θ2Wθ1
+ ρ1,θ1WWθ1Wθ2 + ρ1,θ1PWθ1Pθ2 − ρ1,θ1Wθ1θ2 + ρ1,θ2PPθ1Wθ1
− ρ1,WPPθ1Wθ1Wθ2 + ρ1,PPPθ1Pθ2Wθ1 − ρ1,PWθ1Pθ1θ2 − ρ1,PPθ1Wθ1θ2
− ρ2,θ1θ2Wθ2 − ρ2,θ1PPθ2Wθ2 + ρ2,θ2WWθ1Wθ2 − ρ2,WPPθ2Wθ1Wθ2
+ ρ2,θ2PPθ1Wθ2 + ρ2,PPPθ1Pθ2Wθ2 − ρ2,PWθ2Pθ1θ2 − ρ2,θ2Wθ1θ2 + ρ2,PPθ2Wθ1θ2 ,
(40)
Ωxt =Ωxt + ΩxPPt + ΩxWWt + ΩtPPx + ΩPPPxPt + ΩPWPxWt + ΩPPxt
+ ΩtWWx + ΩPWWxPt + ΩWWWxWt + ΩWWxt − ξxtPx − ξxPPxPt − ξxWPxWt
− ξxPxt − ξtP (Px)
2 − ξPP (Px)
2Pt − ξPW (Px)
2Wt − 2ξPPxPxt
− ξtWPxWx − ξPWPxPtWx − ξWWPxWxWt − ξWWxPxt − ξWPxWxt − ξtPxx
− ξPPtPxx − ξWWtPxx − τxtPt − τxP (Pt)
2 − τxWPtWt − τxPtt − τtPPxPt
− τPP (Pt)
2Px − τPWPxPtWt − 2τPPtPxt − τPPxPtt − τtWPtWx
− τPW (Pt)
2Wx − τWWPtWxWt − τWWxPtt − τWPtWxt − τtPxt − τWWtPxt
− ρ1,xtPθ1 − ρ1,xPPtPθ1 − ρ1,xWWtPθ1 − ρ1,tPPxPθ1 − ρ1,xPtθ1 − ρ1,tPxθ1
− ρ1,PPPxPtPθ1 − ρ1,PWPxPθ1Wt − ρ1,PPxtPθ1 − ρ1,PPtθ1Px
− ρ1,PPxθ1Pt − ρ1,tWWxPθ1 − ρ1,PWWxPtPθ1 − ρ1,WWWxWtPθ1 − ρ1,WWxtPθ1
− ρ1,WWxPtθ1 − ρ1,WWtPxθ1 − ρ2,xtPθ2 − ρ2,xPPtPθ2 − ρ2,xWWtPθ2
− ρ2,tPPxPθ2 − ρ2,xPtθ2 − ρ2,tPxθ2 − ρ2,PPPxPtPθ2 − ρ2,PWWtPxPθ2
− ρ2,PPxtPθ2 − ρ2,PPtθ2Px − ρ2,PPxθ2Pt − ρ2,tWWxPθ2 − ρ2,PWWxPtPθ2
− ρ2,WWWxWtPθ2 − ρ2,WWxtPθ2 − ρ2,WPtθ2Wx − ρ2,WPxθ2Wt,
(41)
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Ωtθ1 =Ωtθ1 + ΩtPPθ1 + ΩtWWθ1 + Ωθ1PPt + ΩPPPtPθ1 + ΩPWPtWθ1 + ΩPPtθ1
+ Ωθ1WWt + ΩPWWtPθ1 + ΩWWWtWθ1 + ΩWWtθ1 − ξtθ1Px − ξtPPxPθ1
− ξtWPxWθ1 − ξtPxθ1 − ξθ1PPxPt − ξPPPxPtPθ1 − ξPWPxPtWθ1
− ξPPtPxθ1 − ξPPxPtθ1 − ξθ1WPxWt − ξPWWtPxPθ1 − ξWWPxWtWθ1
− ξWWtPxθ1 − ξWPxWtθ1 − ξθ1Pxt − ξPPxtPθ1 − ξWPxtWθ1 − τtθ1Pt
− τtPPtPθ1 − τtWPtWθ1 − τtPtθ1 − τθ1P (Pt)
2 − τPP (Pt)
2Pθ1
− τPW (Pt)
2Wθ1 − 2τPPtPtθ1 − τθ1WPtWt − τPWWtPtPθ1 − τWWPtWtWθ1
− τWWtPtθ1 − τWPtWtθ1 − τθ1Ptt − τPPttPθ1 − τWPttWθ1 − ρ1,tθ1Pθ1
+ ρ1,tWWθ1Pθ1 − ρ1,θ1PPtPθ1 + ρ1,PWWθ1PtPθ1 + ρ1,PPtθ1Pθ1
− ρ1,θ1WWtPθ1 + ρ1,WWWtWθ1Pθ1 + ρ1,WWtθ1Pθ1 − ρ1,θ1Ptθ1 + ρ1,PPθ1Ptθ1
+ ρ1,WWθ1Ptθ1 − ρ2,tθ1Pθ2 + ρ2,tPPθ1Pθ2 + ρ2,tWWθ1Pθ2 − ρ2,tPθ1θ2
− ρ2,θ1PPtPθ2 + ρ2,PPPtPθ1Pθ2 + ρ2,PWWθ1PtPθ2 + ρ2,PPtθ1Pθ2
− ρ2,PPtPθ1θ2 − ρ2,θ1WWtPθ2 + ρ2,PWWtPθ1Pθ2 + ρ2,WWWtWθ1Pθ2
+ ρ2,WWtθ1Pθ2 − ρ2,WWtPθ1θ2 − ρ2,θ1Ptθ2 + ρ2,PPθ1Ptθ2 + ρ2,WWθ1Ptθ2 ,
(42)
Ωxθ2 =Ωxθ2 + ΩxPPθ2 + ΩxWWθ2 + Ωθ2PPx + ΩPPPxPθ2 + ΩPWPxWθ2 + ΩPPxθ2
+ Ωθ2WWx + ΩPWWxPθ2 + ΩWWWxWθ2 + ΩWWxθ2 − ξxθ2Px − ξxPPxPθ2 − ξxWPxWθ2
− ξxPxθ2 − ξθ2P (Px)
2 − ξPP (Px)
2Pθ2 − ξPW (Px)
2Wθ2 − 2ξPPxPxθ2
− ξθ2WPxWx − ξPWWxPxPθ2 − ξWWPxWxWθ2 − ξWWxPxθ2 − ξWPxWxθ2
− ξθ2Pxx − ξPPxxPθ2 − ξWPxxWθ2 − τxθ2Pt − τxPPtPθ2 − τxWPtWθ2
− τxPtθ2 − τθ2PPxPt − τPPPxPtPθ2 − τPWPxPtWθ2 − τPPxPtθ2
− τPPtPxθ2 − τθ2WPtWx − τPWWxPtPθ2 − τWWPtWxWθ2 − τWWxPtθ2
− τWPtWxθ2 − τθ2Pxt − τPPxtPθ2 − τWPxtWθ2 − ρ1,xθ2Pθ1 + ρ1,xPPθ2Pθ1
+ ρ1,xWWθ2Pθ1 + ρ1,xPθ1θ2 − ρ1,θ2PPxPθ1 + ρ1,PPPxPθ2Pθ1
+ ρ1,PWWθ2PxPθ1 + ρ1,PPxθ2Pθ1 + ρ1,PPxPθ1θ2 − ρ1,θ2WWxPθ1
+ ρ1,PWWxPθ2Pθ1 + ρ1,WWWxWθ2Pθ1 + ρ1,WWxθ2Pθ1 + ρ1,WWxPθ1θ2 − ρ1,θ2Pxθ1
+ ρ1,PPθ2Pxθ1 + ρ1,WWθ2Pxθ1 − ρ2,xθ2Pθ2 + ρ2,xWWθ2Pθ2 − ρ2,θ2PPxPθ2
+ ρ2,PWWθ2PxPθ2 + ρ2,PPxθ2Pθ2 − ρ2,θ2WWxPθ2 + ρ2,WWWxWθ2Pθ2
+ ρ2,WWxθ2Pθ2 − ρ2,θ2Pxθ2 + ρ2,PPθ2Pxθ2 + ρ2,WWθ2Pxθ2,
(43)
and
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Ωθ1θ2 =Ωθ1θ2 − Ωθ1PPθ2 − Ωθ1WWθ2 + Ωθ2PPθ1 − ΩPPPθ1Pθ2 − ΩPWPθ1Wθ2
+ ΩPPθ1θ2 + Ωθ2WWθ1 − ΩPWWθ1Pθ2 − ΩWWWθ1Wθ2 + ΩWWθ1θ2 − ξθ1θ2Px
+ ξθ1PPxPθ2 + ξθ1WPxWθ2 + ξθ1Pxθ2 − ξθ2PPxPθ1 + ξPPPxPθ1Pθ2
+ ξPWPxPθ1Wθ2 + ξPPθ1Pxθ2 − ξPPxPθ1θ2 − ξθ2WPxWθ1
+ ξPWWθ1PxPθ2 + ξWWPxWθ1Wθ2 + ξWWθ1Pxθ2 − ξWPxWθ1θ2 − ξθ2Pxθ1
− ξPPθ2Pxθ1 − ξWWθ2Pxθ1 − τθ1θ2Pt + τθ1PPtPθ2 + τθ1WPtWθ2 + τθ1Ptθ2
− τθ2PPtPθ1 + τPPPtPθ1Pθ2 + τPWPtPθ1Wθ2 + τPPθ1Ptθ2
− τPPtPθ1θ2 − τθ2WPtWθ1 + τPWWθ1PtPθ2 + τWWPtWθ1Wθ2 + τWWθ1Ptθ2
− τWPtWθ1θ2 − τθ2Ptθ1 − τPPθ2Ptθ1 − τWWθ2Ptθ1 − ρ1,θ1θ2Pθ1
+ ρ1,θ1PPθ1Pθ2 + ρ1,θ1WPθ1Wθ2 − ρ1,θ1Pθ1θ2 + ρ1,θ2WWθ1Pθ1
− ρ1,PWWθ1Pθ1Pθ2 + ρ1,WWWθ1Wθ2Pθ1 − ρ1,WPθ1Wθ1θ2 − ρ1,WWθ1Pθ1θ2
− ρ2,θ1θ2Pθ2 − ρ2,θ1WWθ2Pθ2 + ρ2,θ2PPθ1Pθ2 − ρ2,PWWθ2Pθ1Pθ2
+ ρ2,θ2WWθ1Pθ2 + ρ2,WWWθ1Wθ2Pθ2 − ρ2,WPθ2Wθ1θ2 − ρ2,θ2Pθ1θ2 + ρ2,WWθ2Pθ1θ2 ,
(44)
Substituting the above formulae into the equations (31) and (32) and making the
substitutions from the original supersymmetric equations (11)
Pt = Px(D1D2W ) + (D1D2P )Wx,
Wt = (D1D2W )Wx + (−1)
γA(D1D2P )
γ−2(D1P )(D2P )(D1D2P )x,
(45)
we obtain a series of determining equations for the functions ξ, τ , ρ1, ρ2, Λ and Ω in (23).
We provide a specific solution of these determining equations, with the form:
ξ(x, θ1) = 2C1x+ C2 −K1θ1, τ(t, θ2) = 2C3t + C4 −K2θ2,
ρ1(θ1) = C1θ1 +K1, ρ2(θ2) = C3θ2 +K2, Λ(W ) = (3C1 − C3)W,
Ω(P, γ) =
(
(γ + 5)C1 + (γ − 3)C3
(γ + 1)
)
P
(46)
where C1, C2, C3 are bosonic constants, while K1 and K2 are fermionic constants. Here,
the function Ω(P, γ) is parametrized by the polytropic exponent γ. Thus, the superalgebra
L is spanned by the following vector fields:
P1 = ∂x, P2 = ∂t, Q1 = −θ1∂x + ∂θ1 , Q2 = −θ2∂t + ∂θ2 ,
L1(γ) = 2x∂x + θ1∂θ1 + 3W∂W +
(
γ+5
γ+1
)
P∂P ,
L2(γ) = 2t∂t + θ2∂θ2 −W∂W +
(
γ−3
γ+1
)
P∂P .
(47)
Here, the generators P1 and P2 represent translations in the x and t directions respectively,
L1(γ) and L2(γ) are two families of dilations in the independent and dependent variables,
and Q1 and Q2 are the supersymmetric transformations already determined in equation
(5). The dependence on γ is reflected in the form of the two dilations, L1(γ) and L2(γ),
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Table I: Supercommutation table for the Lie superalgebra L spanned by the vector fields (47)
L1 P1 Q1 L2 P2 Q2
L1 0 −2P1 −Q1 0 0 0
P1 2P1 0 0 0 0 0
Q1 Q1 0 −2P1 0 0 0
L2 0 0 0 0 −2P2 −Q2
P2 0 0 0 2P2 0 0
Q2 0 0 0 Q2 0 −2P2
which we abbreviate for convenience as L1 and L2 respectively. The supercommutation
relations of the superalgebra generators (47) are given in Table I.
This superalgebra differs in structure from a classical Lie algebra in the sense that the
diagonal contains non-zero elements, i.e. {Q1, Q1} = −2P1 and {Q2, Q2} = −2P2.
We now proceed to classify the one-dimensional subalgebras of the Lie superalgebra
into conjugacy classes according to the action by the Lie supergroup generated by the
Lie superalgebra L. We construct a list of representative subalgebras such that each
subalgebra of L is conjugate to one and only one element of the list. We perform this
analysis using the methods described in (for example).30–33 We begin our classification by
writing the superalgebra L as a direct sum of two semi-direct sums of smaller algebras in
the following way
L =
{
{L1} +⊃ {P1, Q1}
}
⊕
{
{L2} +⊃ {P2, Q2}
}
, (48)
Consider first the semi-direct sum
a = {L1} +⊃ {P1, Q1}. (49)
This algebra a can be classified by using the method for semi-direct sums of algebras.31
This method leads to splitting subalgebras (of the form m +⊃ n, where m ⊂ {L1} and
n ⊂ {P1, Q1}) and non-splitting subalgebras which cannot be written in this form.
Let us first discuss splitting subalgebras. The subalgebras of {L1} are {0} and {L1}.
For each of these two subalgebras, we must consider all subalgebras of {P1, Q1} which are
invariant under (super)commutation under the given subalgebra of {L1}.
For subalgebra {0}, all subspaces of {P1, Q1} are invariant subalgebras. That is,
[αP1 + µQ1, 0] = 0 ⊂ {0} (50)
So the possible representative subalgebras are {0}, {P1}, {µQ1}, {P1+µQ1} and {P1, Q1}
We classify such subalgebras in the following way. We begin with the trivial subalgebra
a0 = {0}. Let us now consider the one-dimensional subalgebra {P1} and apply the action
of the subgroup e{L1,P1,Q1} generated by a to it. If we take any arbitrary element of a:
Y = αL1 + βP1 + ηQ1, (51)
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then
[Y, P1] = −2αP1. (52)
Therefore, under the action of the subgroup e{L1,P1,Q1}, we obtain P1 → e
−2αP1. So,
a1 = {P1} is the only subalgebra in its conjugation class.
Consider now the subalgebra {µQ1}. If Y = αL1 + βP1 + ηQ1, then we obtain
[Y, µQ1] = −αµQ1 + ηµP1. (53)
Consequently, under the group action of e{L1,P1,Q1}, we get
{µQ1} →
{
µQ1 +
1
α
(1− e−α) ηµP1, if α 6= 0
µQ1 + ηµP1, if α = 0
(54)
So, by re-scaling the η, we can obtain other multiples of the generator µQ1 + ηµP1. We
represent all these possibilities by the subalgebra a2 = {µQ1}.
The subalgebra {P1 + µQ1}, under the action of the group, leads to
{P1 + µQ1} → {µQ1 + (1 + ηµ)P1}. (55)
All of these are covered under the subalgebra a3 = {P1 + µQ1}.
The remaining subalgebra, {P1, Q1} is already two-dimensional and is therefore not
included in our classification of one-dimensional subalgebras of a.
The subalgebra {L1} is already one-dimensional, so the only splitting one-dimensional
subalgebra of a obtained from consideration of the subalgebras of {P1, Q1} invariant under
{L1} is a4 = {L1} itself.
Let us now discuss non-splitting subalgebras of a. We consider vector spaces of the
form
V = {L1 + a1P1 + a2Q1}. (56)
Applying a cocycle to {L1}, we obtain
L1 + λ1[P1, L1] + λ2[Q1, L1] = L1 + 2λ1P1 + λ2Q1 (57)
so, if we let λ1 = −
1
2
a1 and λ2 = −a2, then for (56), we get
V → {L1 + 2λ1P1 + λ2Q1 + c1P1 +D1Q1} = {L1} (58)
Thus, there are no non-splitting subalgebras of a. So, the algebra a = {L1, P1, Q1} has
the one-dimensional subalgebra classification
a0 = {0}, a1 = {P1}, a2 = {µQ1}, a3 = {P1 + µQ1}, a4 = {L1} (59)
Similarily, the algebra b = {L2, P2, Q2} has the one-dimensional subalgebra classification
b0 = {0}, b1 = {P2}, b2 = {µQ2}, b3 = {P2 + µQ2}, b4 = {L2}. (60)
Considering now the direct sum
L = a⊕ b = {L1, P1, Q1} ⊕ {L2, P2, Q2} (61)
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we use the Goursat method for the classification of direct sums.34, 35
The one-dimensional non-twisted subalgebras are formulated by successively taking
the direct sums of each subalgebra of a with each subalgebra of b. This results in the
following list:
L1 = {P1}, L2 = {µQ1}, L3 = {P1 + µQ1}, L4 = {L1},
L5 = {P2}, L6 = {νQ2}, L7 = {P2 + νQ2}, L8 = {L2},
(62)
For twisted subalgebras, there are 16 possibilities of combining two subalgebras to-
gether. Two subalgebras, ai and bj can be twisted together if a homomorphism τ exists
from ai to bj :
τ(ai) = bj. (63)
For example, if we consider a1 = {P1} and b1 = {P2}, then the most general homomor-
phism from a1 to b1 is:
τ : P1 → kP2, (64)
where k is any scalar. This gives us the family of twisted subalgebras V = {P1 + kP2}.
By considering the action of the full supergroup e{L1,L2,P1,P2,Q1,Q2} on V , we see that k
can be rescaled by any positive real number. So, the representative subalgebra is:
L9 = {P1 + εP2}, ε = ±1. (65)
Considering all possibilities, we obtain the list of all representative one-dimensional sub-
algebras of the superalgebra L generated by the vector fields (47):
L1 = {P1}, L2 = {µQ1},
L3 = {P1 + µQ1}, L4 = {L1},
L5 = {P2}, L6 = {νQ2},
L7 = {P2 + νQ2}, L8 = {L2},
L9 = {P1 + εP2, ε = ±1}, L10 = {P1 + νQ2},
L11 = {P1 + εP2 + νQ2, ε = ±1}, L12 = {L2 + εP1, ε = ±1},
L13 = {P2 + µQ1}, L14 = {µQ1 + νQ2},
L15 = {P2 + µQ1 + νQ2}, L16 = {L2 + µQ1},
L17 = {P1 + εP2 + µQ1, ε = ±1}, L18 = {P1 + µQ1 + νQ2},
L19 = {P1 + εP2 + µQ1 + νQ2, ε = ±1}, L20 = {L2 + εP1 + µQ1, ε = ±1},
L21 = {L1 + εP2, ε = ±1}, L22 = {L1 + νQ2},
L23 = {L1 + εP2 + νQ2, ε = ±1}, L24 = {L1 + kL2, k 6= 0}.
This list of subalgebras will allow us to systematically use the symmetry reduction method.36
IV Symmetry reductions and invariant solutions
We now make use of the symmetry reduction method in order to find invariant solutions
of the supersymmetric polytropic gas dynamics equations (11). Replacing the specific
16
Table II: Invariants and change of variable for subalgebras of the Lie superalgebra L spanned
by the vector fields (47)
Subalgebra Invariants Superfields
L1 = {P1} t, θ1, θ2, W , P W = W (t, θ1, θ2), P = P (t, θ1, θ2)
L3 = {P1 + µQ1} t, τ1 = θ1 − µx, θ2, W , P W = W (t, τ1, θ2), P = P (t, τ1, θ2)
L4 = {L1} t, τ1 = x
−1/2θ1, θ2, W = x
3/2A (t, τ1, θ2),
A = x−3/2W , B = x
−
(
γ+5
2γ+2
)
P P = x
(
γ+5
2γ+2
)
B (t, τ1, θ2)
L5 = {P2} x, θ1, θ2, W , P W = W (x, θ1, θ2), P = P (x, θ1, θ2)
L7 = {P2 + νQ2} x, θ1, τ2 = θ2 − νt, W , P W = W (x, θ1, τ2), P = P (x, θ1, τ2)
L8 = {L2} x, θ1, τ2 = t
−1/2θ2, W = t
−1/2A (x, θ1, τ2),
A = t1/2W , B = x
−
(
γ−3
2γ+2
)
P P = x
(
γ−3
2γ+2
)
B (t, θ1, τ2)
L9 = {P1 + εP2} σ = x− εt, θ1, θ2, W , P W = W (σ, θ1, θ2), P = P (σ, θ1, θ2)
L10 = {P1 + νQ2} σ = t+ νθ2x, θ1, W = W (σ, θ1, τ2), P = P (σ, θ1, τ2)
τ2 = θ2 − νx, W , P
L11 = {P1 + εP2 + νQ2} σ = t− εx+ νxθ2, θ1, W = W (σ, θ1, τ2), P = P (σ, θ1, τ2)
τ2 = θ2 − νx, W , P
L12 = {L2 + εP1} σ = x−
1
2ε ln t, θ1, τ2 = t
−1/2θ2, W = t
−1/2A (σ, θ1, τ2)
A = t1/2W , B = t
−
(
γ−3
2γ+2
)
P P = t
(
γ−3
2γ+2
)
B (σ, θ1, τ2)
L13 = {P2 + µQ1} σ = x+ µθ1t, τ1 = θ1 − µt, W = W (σ, τ1, θ2)
θ2, W , P P = P (σ, τ1, θ2)
L16 = {L2 + µQ1} σ = x+
1
2µθ1 ln t, τ1 = θ1 −
1
2µ ln t, W = t
−1/2A (σ, τ1, τ2)
τ2 = t
−1/2θ2, A = t
1/2W , P = t
(
γ−3
2γ+2
)
B (σ, τ1, τ2)
B = t
−
(
γ−3
2γ+2
)
P
L17 = {P1 + εP2 + µQ1} σ = εx− t+ µtθ1, W = W (σ, τ1, θ2)
τ1 = θ1 − εµt, θ2, W , P P = P (σ, τ1, θ2)
L20 = {L2 + εP1 + µQ1} σ = x+
1
2µθ1 ln t−
1
2ε ln t, W = t
−1/2A(σ, τ1, τ2)
τ1 = θ1 −
1
2µ ln t, P = t
(
γ−3
2γ+2
)
B(σ, τ1, τ2)
τ2 = t
−1/2θ2, A = t
1/2W ,
B = t
−
(
γ−3
2γ+2
)
P
L21 = {L1 + εP2} σ = t−
1
2ε lnx, τ1 = x
−1/2θ1, W = x
3/2A (σ, τ1, θ2),
θ2, A = x
−3/2W , P = x
(
γ+5
2γ+2
)
B (σ, τ1, θ2)
B = x
−
(
γ+5
2γ+2
)
P
L22 = {L1 + νQ2} σ = t+
1
2νθ2 lnx, τ1 = x
−1/2θ1, W = x
3/2A (σ, τ1, τ2)
τ2 = θ2 −
1
2ν lnx, A = x
−3/2W , P = x
(
γ+5
2γ+2
)
B (σ, τ1, τ2)
B = x
−
(
γ+5
2γ+2
)
P
L23 = {L1 + εP2 + νQ2} σ = t+
1
2νθ2 lnx−
1
2ε lnx, W = x
3/2A (σ, τ1, τ2)
τ1 = x
−1/2θ1, P = x
(
γ+5
2γ+2
)
B (σ, τ1, τ2)
τ2 = θ2 −
1
2ν lnx, A = x
−3/2W ,
B = x
−
(
γ+5
2γ+2
)
P
L24 = {L1 + kL2} σ = t
−
1
kx, τ1 = t
−
1
2k θ1, W = t
3−k
2k A (σ, τ1, τ2)
τ2 = t
−
1
2 θ2, A = t
k−3
2k W , P = t
(
(γ+5)+k(γ−3)
2k(γ+1)
)
B (σ, τ1, τ2)
B = t
−
(
(γ+5)+k(γ−3)
2k(γ+1)
)
P
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forms of the superfields W and P as listed in Table II into the supersymmetric equation
(11) we obtain symmetry reductions.
In most cases these reductions involve heavy computations and we omit them for this
reason. So, we present in this paper only certain classes of the invariant solutions involving
(in most cases) freedom of arbitrary functions of one or two variables whose arguments
can be either bosonic or fermionic. We propose two types of solutions. The first type has
the form
W = S (ξ, F (θ1, θ2)) , P = R (ξ, G(θ1, θ2)) , (66)
where F and G are arbitrary functions of the fermionic arguments θ1 and θ2 and ξ is the
symmetry variable. In some cases, we specify them to be in the form
F (θ1, θ2) = αF1(θ1) + βF2(θ2) and G(θ1, θ2) = κG1(θ1) + λG2(θ2), (67)
where α, β, κ and λ are fermionic constants. The first type of solution is of the form
W = S (ξ, F (θ1, θ2)) , P = R (ξ, G(θ1, θ2)) , (68)
and corresponds to the results which we have obtained for subalgebras L1, L3, L7, L8,
L10, L11, L12, L13, L16, L17, L20, L21, L23 and L24.
The second class of solution is of the type
W = S (ξ, θ1, θ2) , P = R (ξ, θ1, θ2) , (69)
which we develop as a Taylor expansion with respect to θ1 and θ2 with non-constant
coefficients which depend on the symmetry variable ξ. Since all terms that include (θ1)
2
or (θ2)
2 vanish, the solutions (69) are of the form
W =M1(ξ) + θ1M2(ξ) + θ2M3(ξ) + θ1θ2M4(ξ),
P = N1(ξ) + θ1N2(ξ) + θ2N3(ξ) + θ1θ2N4(ξ)
(70)
Replacing into the reduced equations, we obtain the solutions corresponding to subalge-
bras L4, L5, L9, and L22.
We obtain four different general classes of solutions.
A Solutions involving only fermionic variables
For the subalgebra L1 = {P1}, the reduced system of equations is
Pt = 0, Wt = 0, (71)
and the obtained solution is
W = W (θ1, θ2), P = P (θ1, θ2). (72)
This solution has two arbitrary functions of the two fermionic variables θ1 and θ2. Using
the Taylor expansion of (72) in θ1 and θ2, the solution (72) can be expressed as
W (θ1, θ2) = C1 + C2θ1 + C3θ2 + C4θ1θ2,
P (θ1, θ2) = C5 + C6θ1 + C7θ2 + C8θ1θ2,
(73)
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where C1, C4, C5, C8 are bosonic constants, and C2, C3, C6, C7 are fermionic constants.
For the subalgebra L5 = {P2}, the reduced system of equations is
PxWθ1θ2 − θ1PxWxθ2 + Pθ1θ2Wx − θ1Pxθ2Wx = 0,
Wθ1θ2Wx − θ1Wxθ2Wx + (−1)
γA(−Pθ1θ2)
γ−2 [Pθ1Pθ2Pxθ1θ2 + Pθ1Pθ2θ1Pxxθ2 + θ1PxPθ2Pxθ1θ2 ]
− A(γ − 2)θ1(Pθ1θ2)
γ−3Pxθ2Pθ1Pθ2Pxθ1θ2 = 0
(74)
and the obtained solution in the fermionic sector is
W = g((µ1 − β1)θ1 + (µ2 − β2)θ2), P = f(W ) = f((µ1 − β1)θ1 + (µ2 − β2)θ2), (75)
This solution has two arbitrary functions, f and g, of one fermionic argument (µ1−β1)θ1+
(µ2 − β2)θ2. Using the Taylor expansion, the solution (75) can be reduced to the form
W = C0 + C1 [(µ1 − β1)θ1 + (µ2 − β2)θ2] , P = C2 + C3 [(µ1 − β1)θ1 + (µ2 − β2)θ2] ,
(76)
where C0 and C2 are bosonic constants and C1 and C3 are fermionic constants.
For the subalgebra L9 = {P1 + εP2}, the obtained solution,
W = f(−α1θ1 − α2θ2), P = g(−α1θ1 − α2θ2), (77)
depends only on the fermionic sector θ1 and θ2. This solution has two arbitrary functions,
f and g, of one bosonic argument −α1θ1−α2θ2. In analogy with the case L5, this solution
can be reduced to
W = C0 + C1
[
−α1θ1 − α2θ2
]
, P = C2 + C3
[
−α1θ1 − α2θ2
]
, (78)
where C0 and C2 are bosonic constants and C1 and C3 are fermionic constants.
For the subalgebra L17 = {P1 + εP2 + µQ1}, the obtained solution in the fermionic
sector is
W = f(θ2) + µ(θ1), P = g(θ2) + µ(θ1) (79)
which contains two arbitrary functions, f and g, of one fermionic argument θ2. This
solution can be written in the form
W = C0 + C1θ2 + µθ1, P = C2 + C3θ2 + µθ1, (80)
where C0 and C2 are bosonic constants and C1 and C3 are fermionic constants. Since µ
is not arbitrary, this solution is not the same as that of L5.
B Stationary solutions
For the subalgebra L10 = {P1 + νQ2}, the obtained stationary solution is
W = f(θ1) + µη(θ2 − νx), P = g(θ1) + µλ(θ2 − νx) (81)
which contains two arbitrary functions, f and g, of two fermionic arguments, θ1 and
θ2 − νx. This can be reduced to the form
W = C0 + C1θ1 + µη(θ2 − νx), P = C2 + C3θ1 + µλ(θ2 − νx), (82)
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where C0 and C2 are bosonic constants and C1 and C3 are fermionic constants. This
solution is linear in x, θ1 and θ2.
For the subalgebra L11 = {P1 + εP2 + νQ2}, the obtained stationary solution is
W = f(θ1) + µ(θ2 − νx), P = g(θ1) + λ(θ2 − νx) (83)
which contains two arbitrary functions, f and g, of one fermionic argument θ1. This can
be reduced to the linear form
W = C0 + C1θ1 + µ(θ2 − νx), P = C2 + C3θ1 + λ(θ2 − νx), (84)
where C0 and C2 are bosonic constants and C1 and C3 are fermionic constants.
For the subalgebra L13 = {P2 + µQ1}, the obtained stationary solution is
W = f(θ2) + µηθ1 + µνx, P = g(θ2) + µλθ1 + µκx (85)
which contains two arbitrary functions, f and g, of one fermionic argument θ2. This can
be reduced to the linear form
W = C0 + C1θ2 + µηθ1 + µνx, P = C2 + C3θ2 + µλθ1 + µκx, (86)
where C0 and C2 are bosonic constants and C1 and C3 are fermionic constants. Since µ
is not arbitrary, this solution is not the same as that of L11.
For the subalgebra L21 = {L1 + εP2}, the obtained stationary solution is
W = x3/2(µx−1/2θ1 + η1f(θ2)), P = x
( γ+52γ+2)(νx−1/2θ1 + η2g(θ2)) (87)
which contains two arbitrary functions, f and g, of one fermionic argument θ2 and is
parametrized by the polytropic exponent γ. The solution can be expressed as
W = µxθ1 + x
3/2η1C1θ2 + x
3/2η1C0,
P = x
γ+5
2γ+2
(
νx−1/2θ1 + η2C3θ2 + η2C2
) (88)
where C2 is a bosonic constant and C1 and C3 are fermionic constants.
For the subalgebra L22 = {L1 + νQ2}, we obtain the stationary singular solution
W = µxθ1 + x
3/2ηθ2 −
1
2
x3/2(ln x)ην
P = ζx(
4
2γ+2)θ1 + x
( γ+52γ+2)ρθ2 −
1
2
x(
γ+5
2γ+2)(ln x)ρν
(89)
which is parametrized by the polytropic exponent γ.
C Solutions in the form of a reduced equation
For the subalgebra L8 = {L2}, for the case where γ = 3, we obtain the following reduced
partial differential equations
A+ τ2Aτ2 − 2AxAθ1τ2 + τ2AxAθ1 + 2θ1AxAxτ2 − θ1τ2(Ax)
2 = 0, (90)
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where A is the superfield described in Table II with invariant τ2 = t
−1/2θ2. The superfield
W is expressed in terms of A through the relation
W = t−1/2A (x, θ1, τ2) (91)
Here, P is a constant bosonic. This solution represents a non-stationary simple wave
involving both bosonic and fermionic variables.
For the subalgebra L12 = {L2+εP1}, for the case where γ = 3, we obtain the following
symmetry reduction
−A− εAσ − τ2Aτ2 + 2AσAθ1τ2 − τ2AσAθ1 − ετ2AσAσθ1 − 2θ1AσAστ2
+ θ1τ2(Aσ)
2 + εθ1τ2AσAσσ = 0,
(92)
where A is the superfield described in Table II with invariants σ = x − 1
2
ε ln t and τ2 =
t−1/2θ2. The superfield W is expressed in terms of A through the relation
W = t−1/2A (σ, θ1, τ2) (93)
Here, P is a constant bosonic. This solution represents a non-stationary simple wave
involving both bosonic and fermionic variables.
For the subalgebra L16 = {L2+µQ1}, for the case where γ = 3, we obtain the following
symmetry reduction
−A+ µτ1Aσ − µAτ1 − τ2Aτ2 + 2AσAτ1τ2 − τ2AσAτ1 + µτ2(Aσ)
2 + µτ1τ2AσAστ1
− 2τ1AσAστ2 + τ1τ2(Aσ)
2 + µτ1τ2AσAστ1 = 0
(94)
where A is the superfield described in Table II with invariants σ = x + 1
2
µθ1 ln t, τ1 =
θ1 −
1
2
µ ln t and τ2 = t
−1/2θ2. The superfield W is expressed in terms of A through the
relation
W = t−1/2A (σ, τ1, τ2) (95)
Here, P is a constant bosonic. This solution represents a non-stationary simple wave
involving both bosonic and fermionic variables.
For the subalgebra L20 = {L2 + εP1 + µQ1}, for the case where γ = 3, we obtain the
following symmetry reduction
−A+ µτ1Aσ − εAσ − µAτ1 − τ2Aτ2 + 2AσAτ1τ2 − τ2AσAτ1 + µτ2(Aσ)
2
+ µτ1τ2AσAστ1 − ετ2AσAστ1 − 2τ1AσAστ2 + τ1τ2(Aσ)
2 + ετ1τ2AσAσσ
+ µτ1τ2AσAστ1 = 0
(96)
where A is the superfield described in Table II with invariants σ = x+ 1
2
µθ1 ln t−
1
2
ε ln t,
τ1 = θ1 −
1
2
µ ln t and τ2 = t
−1/2θ2. The superfield W is expressed in terms of A through
the relation
W = t−1/2A(σ, τ1, τ2) (97)
Here, P is a constant bosonic. This solution represents a non-stationary simple wave
involving both bosonic and fermionic variables.
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For the subalgebra L24 = {L1 + kL2}, for the case where γ = 2 and k = 7, we obtain
the following symmetry reduction
− 4A− 2σAσ − τ1Aτ1 − 7τ2Aτ2 + 14Aτ1τ2Aσ − 4τ2Aτ1Aσ − 2στ2Aστ1Aσ − τ2Aτ1Aσ
− 14τ1Aστ2Aσ + 4τ1τ2(Aσ)
2 + 2στ1τ2AσσAσ = 0
(98)
where A is the superfield described in Table II with invariants σ = t−
1
7x, τ1 = t
−
1
14 θ1 and
τ2 = t
−
1
2 θ2. The superfield W is expressed in terms of A through the relation
W = t−
2
7A (σ, τ1, τ2) (99)
Here, P is a constant bosonic. This solution represents a non-stationary simple wave
involving both bosonic and fermionic variables.
D Wave solutions
For the subalgebra L3 = {P1 + µQ1}, the reduced system of equations is
Pt − 2µPτ1Pτ1θ2 − 2µPτ1θ2Ptτ1 + Pτ1θ2Wx + θ2Ptτ1Wx + µτ1Pτ1θ2Wx + µτ1θ2Ptτ1Wx = 0,
Wt + 2Wτ1θ2Wx + 2θ2Wtτ1Wx + 2µτ1Wτ1θ2Wx + 2µτ1θ2Wtτ1Wx = 0
(100)
and the obtained solution is
W = µtf1(τ1, τ2) + f2(τ1, τ2), P = µtg1(τ1, τ2) + g2(τ1, τ2), (101)
where f1 and g1 are fermionic-valued functions and f2 and g2 are bosonic-valued functions
of the two arguments
τ1 = θ1 − µx and τ2 = θ2 + µt. (102)
The functions f1, f2, g1 and g2 satisfy the relations
f1 = 2f2,τ1τ2f2,τ1 − f2,τ2 , g1 = g2,τ1τ2f2,τ1 + 2g2,τ1g2,τ1τ2 − g2,τ2 , (103)
where f2 and g2 are completely arbitrary functions of τ1 and τ2. This solution has a
degree of freedom of two arbitrary functions of two variables which combine the fermionic
variables θ1 and θ2 with the bosonic variables x and t. It represents a propagation wave
in both the bosonic and fermionic variables. Since the rank of the matrix
∂W∂x ∂W∂t ∂W∂θ1 ∂W∂θ2
∂P
∂x
∂P
∂t
∂P
∂θ1
∂P
∂θ2

 (104)
is 2, this solution is called a Riemann scattering double wave. For the specific case where
we choose
f2 = e
kτ1τ2 , g2 = e
lτ1τ2 , (105)
we obtain the propagating wave solution
W = µt
(
2k2θ2 + kθ1
)
+ 1 + kθ1µt+ kθ2µx+ kθ1θ2,
P = µt
(
kl + 2l2
)
θ2 + µtlθ1 + 1 + lθ1µt + lθ2µx+ lθ1θ2
(106)
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For the subalgebra L4 = {L1}, we have obtained the explicit stationary solution in
monomial form
W = x3/2µθ2, P = x
( γ+52γ+2)νθ2 (107)
which depends on the polytropic exponent γ.
For the subalgebra L7 = {P2+νQ2}, the obtained non-stationary simple wave solution
involving both bosonic and fermionic variables is
W = g(µt + kθ1 + µνθ2), P = f(µt+ kθ1 + µνθ2) (108)
which involves a bosonic constant k and two arbitrary functions, f and g, of one fermionic
argument µt+ kθ1 + µνθ2.
For the subalgebra L23 = {L1 + εP2 + νQ2}, the obtained solution is the simple wave
W = µx3/2A(σ) P = ηx(
γ+5
2γ+2)α (109)
which contains one arbitrary function A of one argument σ = t + 1
2
νθ2 ln x −
1
2
ε lnx and
is parametrized by the polytropic exponent γ. In the specific case where one chooses
A(σ) = e−kσ, we obtain
W = µx
3−ε
2 e−kt
(
1 + 1
2
νθ2 ln x
)
, P = ηx
γ+5
2γ+2α. (110)
Here, W involves damping in time t.
The remaining subalgebras have invariants which possess a non–standard structure in
the sense that one does not obtain standard symmetry reductions from them (as described
in25). Such subalgebras are distinguished by the fact that each of them admits an invari-
ant expressed in terms of an arbitrary function of the superspace variables, multiplied by
a fermionic constant. We list in Table III the invariants expressed in terms of an arbitrary
function of the superspace variables for each case.
Table III: List of subalgebras with nonstandard invariants. In each case, f is an arbitrary
function of its arguments.
Subalgebra Non-standard invariant
L2 = {µQ1} µf (x, t, θ1, θ2,W, P )
L6 = {νQ2} νf (x, t, θ1, θ2,W, P )
L14 = {µQ1 + νQ2} µνf (x, t, θ1, θ2,W, P )
L15 = {P2 + µQ1 + νQ2} µνf (x, θ1, θ2,W, P )
L18 = {P1 + µQ1 + νQ2} µνf (t, θ1, θ2,W, P )
L19 = {P1 + εP2 + µQ1 + νQ2} µνf (θ1, θ2,W, P )
V Concluding remarks and future outlook
The objective of this paper was to construct a supersymmetric extension of the polytropic
gas dynamics equations through a superspace involving two independent variables and two
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bosonic superfields and to perform a systematic group-theoretical analysis of this exten-
sion. We found a Lie superalgebra of symmetries of the proposed supersymmetric model
(11) which included two translations, two dilations and two supersymmetric transforma-
tions. Decomposing this superalgebra into a direct sum, we used the Goursat method
to classify its one-dimensional subalgebras into 24 conjugacy classes under the action of
the associated supergroup. By using the symmetry reduction method, we determined the
invariant solutions of the supersymmetric model under consideration. By postulating a
wave-like form for the solutions, we obtained a number of classes of solutions involving
arbitrary functions of one or two variables. In the particular case where the arbitrary
functions involved only θ1 and θ2, we were able to explicitly find the most general form
of the solution through a truncated Taylor expansion. We constructed algebraic-type so-
lutions and propagation waves (including simple and double waves) in explicit form. We
conclude that the solutions of the supersymmetric polytropic gas dynamics model (11)
include propagation waves and their superpositions involving both bosonic and fermionic
variables. This phenomenon is analogous to that of the multisolitonic wave solutions
obtained in the case of supersymmetric extensions of integrable models.
The following question can be considered. The freedom of the obtained solution can
be found from the Cauchy data when t = 0. However, the aspect of the Cauchy problem
involving uniqueness and continuous dependence on initial conditions remains an open
problem for the case of hydrodynamic-type equations. This will be addressed in a future
work.
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